Tutorial 5

Feb.25,2016

1. Well-posedness of the following diffusion equations:

Oy — kO?u = f(x,t), —00 < x < 00,t > 0
u(z,t =0) = ¢(z), —00 < x < 00

The well-posedness has three ingredients:

(a) Existence: there exists at least one solution. We have shown that

u(ir, 1) = / S -y, 06(y)dy + /0 / " S(a — gt — ) f(y. 5)dyds

is a solution, where S(z, ) is the heat kernel.

(b) Uniqueness: there exists at most one solution. And we have shown that the above solution is
unique.

(c) Stability: if the data changes a little, then u also changes only a little.And we will show that the
above problem is stable in the sense of uniform norm.

Suppose that u;(x,t) is the solution with the source f;(z,t) and the initial data ¢;(x), i =1,2.

Set U(J?,t) = ul(xvt) —UQ(J},t) s f(.%‘,t) = fl(xat) _f2($7t) and ¢($) = ¢1(33) —¢2($), thus u(w,t)
is a solution of
{@u—k@iu:f(x,t),—oo <x<oo,t>0

u(z,t =0) = ¢(x),—00 < x < 00
thus - C e
u(a ) = / Sz — y, )ply)dy + /0 / Sz —yot— ) f(y, s)dyds

by the solution formula.
For any —oo < x < 00,0 <t < T, then

uliz, )] < / " S(a -y )6y ldy + /0 / " S(a — gt — )| f(y. )| dyds

9] t 00
< / S(z—yt) max |o(y)ldy + / / S—yt—s)  max___|f(ys)|dyds

—oo<Yy<oo —00<Yy<00,0<t<T

[ee) t o0
< 16l / Sz —y,0)dy + || flIr /0 / S(a — y,t — s)dyds

t (e}
< Il + 1117 /0 ds by / (e t)de = 1
< |léll + Tl

Hence

lullz < oIl + T fll7

So if || f||7 and ||¢|| are small, then |lu|r is small.



2. The compatibility of the following IBVP:
O*u—c20Pu=0, 2>0,t>0
u(z,t =0) =¢(x), >0
Oz, t=0)=¢(x), >0
u(z =0,t) =h(t), t>0

If we want that the solution of the problem is continously diffentiable at the corner (z = 0,t = 0),thus
the given conditions must coincide with each other:

¢(0) = h(0)
¥(0) = K'(0)

If the compatibility conditions are not satisfied, then there will be a singularity on the characteristic

line emanating from the corner.

3. Method of characteristic coordinates on p71
Theorem 1(on P69): The unique solution of
Otu — 20%u = f(x,t), —00 < x < 00,t >0
u(z,t =0) = ¢(z), —00 < & < 00
Ou(z,t =0) =(x),—00 < x < 00

o | vy o [ st spivas

u(z, t) = %[(;S(x Fet)— bz — )] + —

is

where A is the characteristic triangle.

Proof: Use the characteristic coordinates:
E=x+ct
n=x—ct

Then we have

_ a2 292, 202 _ o&+tn E—n
Lu = 0ju — c*0yu = —4c”0g,u = f(?, 5% )
We integrate this equation with respect to 7, leaving £ as a constant.Thus J:u = — 55 f " fdn. Then

we integrate with respect to £ to get

o [ sanae

The lower limits of integration here are arbitrary: They correspond to constants of integration.Now
we make a particular choice of the lower limits and find a particular solution:

o
u<P0>=u<xo,yo>=—4;/ /é f(f;",g")d at

13
77
dnd
402 no / o ) :
to x0+c to— t
—5 / f(z,t)Jdxdt  (change of variables)
46 0 xro—C to t
to I0+C to— t
f(z,t)2cdxdt
462 /Z’() c t() t )

= 2‘3//A [z, t)dzdt

This is precisely Thereom 1. (See the figures on the books and you will understand clearly.)



